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Abstract. We show the unique existence of solutions to stationary 
Navier-Stokes equations with small singular external forces belonging to 
a critical space. To the best of our knowledge, this is the largest crit- 
ical space that is available up to now for this kind of existence. This 
result can be viewed as the stationary counterpart of the existence re- 
sult obtained by H. Koch and D. Tataru for the free non-stationary 
Navier-Stokes equations with initial data in BMO"^. The stability of 
the stationary solutions in such spaces is also obtained by a series of 
sharp estimates for resolvents of a singularly perturbed operator and 
the corresponding semigroup. 

1. Introduction 

In this paper we address the existence and stabihty problem for the forced 
stationary Navier-Stokes equations describing the motion of incompressible 
fluid in the whole space M", n > 3: 



il.l) 



U-VU + VP = AU + F, 
V-U = 0. 



Here U = {Ui, . . . ,Un) : M" i-^' is an unknown velocity of the fluid, 
P : M" H> M is an unknown pressure, and F = {Fi, . . . , F„) : M" i-> is a 
given external force potentially with strong singularities. 

To put our results in perspective, let us first discuss related results con- 
cerning the Cauchy problem for the free non-stationary Navier-Stokes equa- 
tions with possibly irregular initial data: 

{ut + u-Vu + \7p = Au, in X (0,oo), 

V-n = 0, in M" X (0,cx)), 

n(0,-) = uo, inM'^. 

In 1984, T. Kato |Kalj initiated the study of ()1.2p with initial data be- 
longing to the space L"(R") and obtained global existence in a subspace 
of C([0, cxo), L") provided the norm HuoH^n is small enough. This kind of 
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global existence with small initial data continues to hold also for homoge- 
neous Morrey spaces A^P'P(M"), 1 < p < n; see |Ka2j . and also |Tay[ IKY2] . 



Here for 1 < p < oo and < A < n, we say that a function / G L-^oc^ 
belongs to the Morrey space MP'^{W) provided that its norm 



sup Ir^''' [ \f {x)\Pdxy <+oo. 

xn)CM." J BAxn) 



\\J IIA4P'^(IR") ~ 

Br(a:o)CR" J Br(xQ) 

When p = 1 one allows / to be a locally finite measure in M" in which 
case the norm should be replaced by the total variation. Note that 
our notation of Morrey spaces in this paper is different from those in, e.g., 

[Ka2l[T^[KYTllKY2]- 

Later in 2001, H. Koch and D. Tataru |KTj showed that global well- 
posedness of the Cauchy problem holds as well for small initial data in the 
space BMO-^ This space can be defined as the space of all distributional 
divergences of BMO vector fields. It is well-known that the following con- 
tinuous embeddings hold 

(1.3) L" C A^P'P C BMO-i C 



oo, oo ' 



where the last one is a homogeneous Besov space consisting of distributions 
/ for which the norm 



1^ =supt^ ||e*^/(.)||^^ <+oo. 



On the other hand, it has been shown recently by J. Bourgain and N. 
Pavlovic |BPj that the Cauchy problem with initial data in B^,^ is ill- 
posed no matter how small the initial data are. See also |M-Sj for an earlier 
result on a Navier-Stokes like equation, and the recent paper [Yoj for ill- 
posedness in a space even smaller than B^^. 

All of the spaces appear in (II. 3p are invariant with respect to the scaling 
/(•) ^ A/(A-),A > 0, in the sense that ||/||^ = ||A/(A-)||s for all A > 0. 
Thus up to now BMO~^ is the largest space invariant under such a scaling 
on which the Cauchy problem is well-posed for small initial data. 

However, the situation is much more subtle when it comes to forced sta- 
tionary Navier-Stokes equations. It is well-known that system (jl.lh is in- 
variant under the scaling {U,P,F) {Ux, Px, F\), where Ux = AC/(A-), 
Pa = A^P(A-) and Fa = A^F(A-) for all A > 0. Moreover, it can be recast 
into an integral equation 

U = A-^FV -(U ®U)- A^^PF, 

where P = Id — VA^^V- is the Helmholtz-Leray projection onto the vector 
fields of zero divergence. Thus in order to give a meaning to the nonlinear 
term in (jl.ip one wants the solution U to be at least in Lf^^iW^). On the 
other hand, the largest Banach space X C Ly^^{MP) that is invariant under 
translation and that ||C/a|Ix — ll^llx Morrey space M^'"^ (see [Me] ) . 



STATIONARY NAVIER-STOKES EQUATIONS 



3 



Thus one is tempted to look for solutions in ^A^''^ under the smallness 
condition 

\\{-A)-'F\\^,^,<5. 

However, as noted in |BBISj . it seems impossible to prove such existence 
results under this condition as for U € 7W^'^ the matrix U ®U would belong 
to M.^'^, but unfortunately the first order Riesz potentials of functions in 
M^' ^ may not even belong to L^q^(R"'). It is worth mentioning that existence 
and uniqueness hold (see |K Y2j ) under a "bump" condition: 

(1-4) ||(-A)-iF||_^,+,,+, <5 

for some e > 0, in which case the solution U belongs to A^^^*^' 

We observe that condition (jl.4p is not sharp and propose in this paper 
the existence in a larger space called V^' ^(M") under the smallness condition 

||(-A)-iF||^,,2 <<5. 

Here V^'^(M") is the space of all locally square integrable functions / for 
which there is a constant > such that the inequality 



2 



WnfVdx] <Cf[ \V^\'dx 

holds for all ip G Cq°{W^). The space V-^'^(ffi"') is well-known and it can be 
characterized as 

Vi'2(R«) = {/ e lL(M") : ||/||vi,2(Mn) < +oo}, 

where the norm is defined by 



sup 



lK\f\'dx 
capi, 2(^) 



with the supremum being taken over all compact sets K C of positive 
capacity capi 2(-f^) (see Section [2]). Here the capacity capi 2(') is defined 
for each compact set K by 

(1.5) capi,2(i^) =mf| / |Vv9|2dx:v9GCo^(M"),v^>xx|. 

This space has been used for example in \MV\ IHMVj for Riccati type 
equations and in |L-Rj under the notation Xi to obtain a sharp weak-strong 
uniqueness result for the Navier-Stokes equations. It is worth mentioning 
that capacities and spaces similar to V^'^ have also been used as indispens- 
able tools to treat various Lane-Emden type and Riccati type equations in 
[JPllPhVl lPh]. 

Note that we have the following continuous embedding 

for any e > 0. The second inclusion is easy to see from the fact that 

capi 2(5^(x)) -r'^-^, 
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whereas the first one was obtained by C. Fefferman and D. H. Phong in the 
analysis of Schrodinger operators (see [Fef] ) . It is now known that the first 
inclusion can also be improved further by replacing the Morrey space on the 
left-hand side by other larger ones of Dini or Orlicz type (see |ChWWl[P] ). 

On the other hand, we remark that the inclusion V^'^(M") C A4^'^(M") is 
strict as by |MVl Proposition 3.6] there is an / € A4^'^(M") given in terms 
of the first order Riesz potential of a compactly supported measure such 
that / fails to be in V^'^. In other words, one cannot take e = in the first 
inclusion. 

It is easy to see from the definition of cap^ 2 that it is translation invariant 
and that 

capi,2(K) = A2-"capi,2(AK) 
for all A > and compact sets K C M". Thus the space V^''^ C Ai'^'^ is also 
translation invariant and satisfies ||C/a|Iv1'2 = llf^llvi-^- Therefore, it seems 
that V^' ^ the best candidate for this problem as it includes all Morrey spaces 
of the form M'^'^^''^'^^ for any e > 0. 

Throughout of this paper, the notation A < B means that there is a 
universal constant C > such that A < CB. Also, for a vector function 
f - W ^ we say that / G V^'^ if and only if |/| G V^'^ and ||/||vi,2 = 
lll/lllvi.2- We are now ready to state the first result of the paper. 

Theorem 1.1. There exists a sufficiently small number 5q > Q such that if 
||(— A)^"'^F||.j^i 2 < ^0? then the system of equations (11. ip has unique solution 
U satisfying 

nivi.2<||(-A)-iF||^,,2. 

To the best of our knowledge, up to now V^'^ is the largest space that is 
invariant under translation and the scaling /(•) — )■ A/(A-) on which existence 
holds for the stationary Navier-Stokes equations with small external forces. 
Thus Theorem 1 1 . 1 1 can be viewed as the stationary counterpart of the result 
obtained by H. Koch and D. Tataru for the Cauchy problem with small 
initial data in BMO~^ discussed earlier. 

Remark 1.2. Letv = \{—A)~^F\'^ and : [0, 00) [IjOo) be an increasing 
function such that 

r-OO -j^ 

-dt < +00. 



Suppose that 



tifit) 



(1.6) sup r " / v{x){p{v{x)r )dx < +00. 

BrCR" J Br 

Then by the result in |ChWW| one has (—A)~^F belongs to V^''^. On the 
other hand, by taking for example 

(fit) = log(e + t)^+^ or (p{t) = log(e + t)[loglog(e + t)]^+^ 



for some S > 0, we see that condition (11. 6p is strictly weaker than the 
condition {-Ay^F G M^+^''^+^, e > 0, used in [KY2]. 
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The second result of this paper is about the stabihty of solutions to sta- 
tionary Navier-Stokes equations in the space To this end, we consider 
the non-stationary Navier-Stokes equations 

{ut + u-\/u + Vp = Au + F in M"- X (0,00), 

V-u = inM"x(0,(X)), 
n(0,-) = no inR", 

where F is as in Theorem 11.11 which is time-independent, and no is a 
divergence- free vector field in V^'"^. Our stability results say that if the 
difference ||no — C/||yi,2, where U is as obtained in Theorem II. H is suffi- 
ciently small, then there exists a unique global in time solution n of (jl.7p . 
Moreover, as time t goes to infinity the non-stationary solution n of (|1.7p 
converges to C/ in a suitable space. 

Theorem 1.3. Let ao S (1/2,1). There exist two positive numbers eo and 
61 with 61 < 60 such that for ||(— A)~^F||^i 2 < ^1, the following exis- 
tence and uniqueness results hold. For every uq satisfying V • no = and 
11^0 — < eo; there exists uniquely a time-global solution u{x,t) of 

(jl.7p satisfying 

(1.8) snY>t^l*\\{-\)^l\u{-,t) - [/)||vi,2 < C lino - C/||vi.2 , 

i>0 

with the initial condition understood in the sense that 

sup t"/2||(_A)"/2(^(., t) _^o)||^,,2 <C lino- C/||vi.2 

i>0 

for every a S [—1,0]. Moreover, for every a € [0, do], the solution u enjoys 
the time-decay estimate 

(1.9) supr/2||(_A)-/2(n(.,t) - i7)||vi,2 < C(ao) ||no - U\\y,,, . 
t>o 

In Theorem 11.31 the notation {—Ay^"^, s € M, stands for a non-local 
fractional derivative of order s whose precise definition will be given in the 
next section. 

We observe that the approach to stability in |BBIS| is not enough for our 
purpose. To prove Theorem ll.3l we instead follow a semi-group approach in a 
spirit similar to that of jKY2j . However, due to possible strong singularities 
carried along by stationary solutions, new sharp and delicate decay estimates 
must be obtained for resolvents of a singularly perturbed operator and the 
corresponding semigroup. We achieve those by tactically combining spectral 
theory methods with some hard analysis in potential theory and harmonic 
analysis such as capacitary inequalities and weighted norm inequalities for 
singular integrals and multiplier operators. 

We have the following remarks on Theorem 11.31 

Remark 1.4. (i) At each time t > 0, both of the solutions u and U 
may not be in the same space. 
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(ii) When a = 0, the estimate ()1.9p provides the Lyapunov stability of 
the stationary solution U . Moreover, it also implies that the solution 
u remains in V^' ^ at all time. 

(iii) A similar stability result in the Morrey space 
can be found |KY2j . 

Besides the main purpose of studying stationary Navier-Stokes equations, 
in this paper, we also give a careful analysis on Sobolev spaces associated to 
V^'^ such as Sobolev type embedding theorems and interpolations between 
them, some of which have been developed in |MSH IMS2j . We expect that 
such an analysis will be useful for other purposes as well. 

The organization of the paper is as follows. Section [2] is devoted to some 
preliminaries on potential theory and harmonic analysis to understand the 
space V^'^{W) and homo geneous Sobolev spaces associated to it. In Section 
[3] we show the existence and uniqueness of stationary solutions in the space 
V^'^(M"). Sharp decay estimates for resolvents and analytic semigroups 
generated by singularly perturbed operators are carried out in Section HI 
Finally, the analysis in Section[4]is applied in Section[5]to obtain the stability 
of stationary solutions in V"^'^(]R"). 



2. Preliminaries 

For a nonnegative locally finite measure fi in M", n > 3, the Riesz potential 
of order 7 G (0, n) of /i is defined by 

I^*M^) = c(n,7) / r^^^^, xeR^, 
yjjn \x — y\ ' 

where 

c(n,7)=r(i(n-7))/2^W2r(^7) 

is a normalizing constant. It is known that (see, e.g., |Laj ) a necessary 
and sufficient condition for the finiteness almost everywhere of * /i is the 
inequality 

My) / , _ 

T-, < +00, 

i'yi>i \y\ ' 

in which case fi belongs to the space of tempered distributions 5'(M"). 

For every compact set K C it is known that one has the following 
equivalence 

caPi,2W - inf{||/|li2(Kn) : / > 0,li * / > 1 on Js:}, 

where the capacity cap^^ 2(-^^) is as defined in (jl.Sp . 

We begin with the following special case of Theorem 2.1 in jMVj . 

Theorem 2.1. Let v be a nonnegative locally finite measure in M", n > 3. 
Then the following properties of v are equivalent. 
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(i) There is a constant Ai > such that 



/ u^du < Ai iVnpdx 



for all u G C°°^Tn>n^ 



(ii) There is a constant A2 > such that 



[ (Ii * ffdiy <A2 [ f 
Jr" Jr" 



for all nonnegative f G L^(]R"). 

(iii) There is a constant A3 > such that 

(2.1) i^{K)< A3 cap^^^iK) 

for all compact sets K C M". 

(iv) There is a constant A4 > such that 



I (Ii * ufdx < A\ capi 2{K) 
Jk 



for all compact sets K C M". 

Moreover, the least possible values of the constants Ai, A2, A3, and A4 
are comparable to each other. 

We denote by 971^,:^ the class of nonnegative measure v for which (|2.ip 
holds for all compact sets K C M"" with norm 

||z^||mji,2 = sup I ^ — )■ — r- : K compact C M'*,capi 2(.^) > 

-'-"+ [capi2(^) 

For our purpose we also need the following spaces. For a G M we define 
(2.2) = {/ G S'/r : with norm = ||(-A)t/||^^^^ < +00}, 

where V is the set of all polynomials in M", and (—A) 2"/ is defined for each 
/ G S'/V by 

(-A)t/ = ^-i(ier.F(/)(e))G577'. 

We remark that S'/V can be identified with S'^ where 5oo is a closed 
subspace of S characterized by 

Therefore, explicitly we have 

((-A)t/,v.) = {f,mr^~H^))) e s^. 

This is well defined as one can check, for any a G M, that T{\^\°'J=-^{ip)) 
belongs to Soo whenever if belongs to 5oo- 

Since zero is the only polynomial that belongs to V^'"^ we see that V^''^ 
injects in S'/V. As a consequence the condition 



< +00 
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in (I2.2p simply means that there is a unique h G V^'^ that belongs to the 



equivalence class (—A) 2 and thus we have 



\h\ 



It follows from Theorem 12.11 that a nonnegative measure i' belongs to 



12 12 

if and only if it belongs to V^i and moreover, 



Cl Ik|l5r,ji,2 < \\l^\\y 



1,2 < C2 ||z^||gjjl,2 



.... 

for some constants ci and C2 depending only on n. 

As V^'^ C 7W^'^ we see that Va ^ C A^a^, where the space Ma"^ is 
defined in a similar way based on Al^'^. Thus for a < 1 every equivalent 
class of Va'^ has a canonical representative in 5'(M"); see |KYH [KY2[ IBo] , 

Our approach in this paper is based on the following boundedness prop- 
erty of Riesz transforms on the space Vq ^(M"), whose proof was already 
given in jMVj . 

Theorem 2.2. For any j = 1, . . . ,n and a G M one has 

ll-^i/llv<i'^(K") - ^ ll.^llva'^(M") ' 

where Rj is the j-th Riesz transform defined by Rjf = dj{—A)~^f. 

Corollary 2.3. Let ¥ = Id — VA^-^V- be the Helmholtz-Leray projection 
onto the divergence-free vector fields. Then one has the following bound: 



l|P/IU^<cil/ll 



for all a G 



More generally, we have the following mapping property of singular inte- 



grals on the space Va ^ • 

Theorem 2.4. Let a,s ^ 

satisfies 

(2.4) 



i and let P(0 be a C -function on \ {0} that 



5^ 



-(6 



for all multi-indices a G N" with |a| < n and all ^ G M" \ {0}. Then the 



Fourier multiplier operator P{D) is bounded from Vs'^ to V^L^. 
Proof. For given / G Vi'^ let g = (-A)"/2/ G V^'^. We need to show that 



(2.5) 



(_A)--/2p(D)5 



<C\\g\U 



The symbol of the operator (-A)~'^/2p(L>) is given by m(^) = l^l'^PiO 
for G \ {0}. Thus by (j2.4p we see that m(^) satisfies the following 
Mikhlin's condition 



5^ 



Hal 
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for all multi- indices a G N" with \a\ < n and all ^ G M" \ {0}. Then it 
follows from |KWl Theorem 2] that the following weighted estimate 

(2.6) [ \{-Ay/^P{D)g{x)\Pw{x)dx <C [ \g{x)\Pw{x)dx 



holds for all 1 < J* < oo provided the weight w belongs the Muckenhoupt 
class Ap. In particular, (|2.6p holds if w belongs the the class Ai, i.e., if w 
satisfies the pointwise bound 

(2.7) Mw{x) < Aw{x) 

for a.e. x G R" and for a fixed constant A > I. In (j2.7p . M stands for the 
Hardy-Littlewood maximal function defined for each / G ^[^^(R") by 



M/(x) = sup— 1^ / \fiy)\dy. 

r>0 \Or[X)\ JbAx) 



\Br{x)\ JBrix) 

Finally, applying Lemma 3.1 in |MVj we obtain the bound (|2.5|) . □ 

In regard to the the Hardy-Littlewood maximal function M, we have the 
following useful boundedness result which is also a consequence of |MV1 
Lemma 3.1]. 

Theorem 2.5. Let 1 < p < oo and n > 3. Then 



sup ^-^^ — — < sup ■ 



capi,2(-^0 ~ capi^2(^)' 
where the suprema are taken over all compact sets K C R'^ with positive 



3. Stationary Navier-Stokes Equations 

The goal of this section is to prove Theorem 11.11 We first recall the 
following standard fixed point lemma which is useful in solving Navier-Stokes 
equations with small data (see, e.g., |Mej ) . 

Lemma 3.1. Let X he a Banach space with norm \\-\\x let B : X xX 
X be a bilinear map such that 

\\B{x,y)\\-^ < "Ikllx \\y\\x 

for all x,y G X and some a > 0. Then for each yo G X with 4a ||yo|lx < 1 
the equation 

X = B{x,x) + yo 

has a solution x £ X , and moreover this is the only solution for which 



IX 



< 2 llyollx 
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Proof of Theorem \l.l\ We will apply Lemma ETT] to our context by choosing 
X = V^'2(]R") and letting 

[/o = -A-^PF, = A^ipV • (f/0T/), 

where 
and 

[/= (C/l,...,C/n),y = G 

Then by (|2.3p and Holder's inequality we have 

\\{U ® V)\\^i.2 <C\\{U® V)\\^i.2 < C ||C/|lvi,2 ||y||vi,2 . 
Thus it follows from Corollarv 12.31 that 

with 

||5(C/,y)||vi,2 < C^i ||f/|lvi.2 ll"^^llvi.2- 
On the other hand, by Corollary 12.31 we have 

||f^o|lvi.2 < C2<5o 

Finally choosing small (5o > so that 4(5oCiC2 < 1 and applying Lemma 
13.11 we obtain a unique solution to (jl.ip . □ 

4. Resolvent Estimates and Analytic Semigroups 

In this section we consider the non-stationary Navier-Stokes equations 
(jl.7p where F is as in Theorem 11.11 and uq is assumed to be in V^'^ with 
zero divergence. 

Recall that in Theorem 11.31 we want to show that if \\uq — J7||yi,2 is suf- 
ficiently small, then there exists a unique time-global solution u of (jl.7p . 
Moreover, the difference u — U will converge to zero in a suitable space as 
time t — >■ 00. Here, U is the stationary solution of (jl.ip whose existence is 
guaranteed by Theorem ll.il Let us define 

B[f]{x) = PV • [Ui-) ® /(•) + /(•) Ui-)]ix), 

^ • ' A[f]{x) = -Af{x) + B[f]{x). 

Then, for w = u — U and = uq — U , the system (|1.7p can be written as 

{dw 

Therefore, using Duhamel's principle, one has the integral form of (14. 2|) 
(4.3) w{-,t) =e-^^w^ - [ e~-^(*"")PV- 



We shall show in the next section that (j4.2p and (j4.3p are equivalent 
and use (14. 3p to prove the existence and uniqueness of solution w which 
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converges to zero in some suitable space. To this end, we need to make 
sense of the semigroup e~"^* and characterize its properties. That will be 
the main objective of this section. 

We first recall a pointwise estimate of Riesz potentials due to D. R. Adams 
|Ad| that will be needed shortly. 



Lemma 4.1. Let < a < /3 < n/p, p € (1,cxd). Then for any f S 
A^P'/3P(M'^) we have 



la * fix) < 



(Mfix)) 



{l3-a)/l3 



The following Sobolev type embedding theorem will be essential to our 
development later. The idea behind its proof is due to Igor E. Verbitsky 
(see [Msn[MS2] ^. 

Theorem 4.2. Let 1 < p < oo and suppose that f is a function that satisfies 

lK\f\'dx ^ , 

sup— 7W\ < +°°- 

capi 2W 

Then for any < a < 2/p we have 

2p 



sup 



/i^ I la* /I 2--'' 



capi 

Proof. For simplicity we set 

A = sup 



2 — ap 



^ sup 



klfl'dx 



capi 2(-fO. 

Then by applying Lemma l4. II with /3 = 2/p we find 

< II f ir'''^ (M/(x))i-''P/2 < A"P/2(M/(a;))i~"P/2^ 
Thus it follows from Theorem 12.51 that 



ia*f{x)<\\f\\Zi%p 



2p_ 



sup 



fj,\Ia*f\ — 

capi 2(K) 



< A- 



sup 



jj,(Mfydx 

capi 2W 



ap 2p 



which yields the desired result. 



□ 



Lemma 4.3. For any s G (0, 1), there exists a constant C = C{s) > such 

12 12 

that the operators A and B are hounded from Vs ' to Vg'_2 with hounds 



\B\ 



and 
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Proof. It is enough to show the conclusion for B. To this end, let / € Vs' 



1.2 



and write g = {-Ay/^f £ V^'^. Then / = (-A)^'*/^^ and by Theorem |M 
with p = 2 and a = s we have 



(4.4) 



2_ 

\f{x)\^-dx< llffll^Ifacapi 2(is:) 



K 



2 

1-s 



capi 2(^) 



for all compact sets K C M". Thus by Holder's inequality we get for each 
compact set K, 



(4.5) 



1/ ® U\-^~=dx 



K 



2-3 

2 



< 



A' 



l-s 
2 



< 



i.^i,2 ||C/||yi,2 capi^2(^) 2 . 
On the other hand, by Theorem 12.41 we have 

= ||(-A)(^-2)/2py . (_^)(l-s)/2(_^)(s-l)/2[f; ^f + f(g, U]\\yi 



< ||(-A)('*'2)/¥V • (-A)(^'" 

< \\U^f + f(^U\Li,2. 



-s)/2| 



2\\U®f + f^U\ 



To estimate the last term we use (14. Sp and apply Theorem 14.21 with p 
2/(2 - s), a = 1- s to get 



sup 



fj,{h^s*\f(S)U\ydx 



< 



< 



sup 



f^\f(S)U\^dx 
capi 2(^) 
Ivi 



2-s 
2 



Therefore, 

||(_A)(-2)/2p^ • [C/ ® / + / C/]||vi.2 < ll/llv,^>2 
and thus completes the proof. 



□ 



1 2 

As an operator on Vs' , s € M, into itself, the domain of —A is the sub- 
space Vi' ^ n V|^2- nieans of the Fourier transform on S' /V and Theorem 



12.41 we see that, for each A € C \ [0, cxd), the resolvent (A + A) is given by 
the Fourier multiplier operator 

uf) = T~'[{\-\^\'r'T{fm]- 

More generally, we have the following bound on negative powers of A + A. 

Lemma 4.4. Let < j < tt/2 and 5^ = {A G C \ [0, oo) : |arg(A)| > 7}. 
Then for any < a < b, there exists a constant C = C{n,^,a,b) such that 
for all X £ S-y 

\\{-Ar{x+Ar%^.2_^^,2<c\\^\ 

Proof. This lemma follows directly from Theorem 12. 4[ □ 
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Next, for each s £ (0, 1), a domain of the operator A on Vi'^ is naturahy 
given by 

DiA) = {f€Vy:A[f]eVy}. 

Fix now < 7 < 7r/2 and let X £ S^, where is as in Lemma l4.4i By 
Lemmas 14.31 and 14.41 we see that (A + A)~^B : Vl' ^ Vl' with bound 

||(A + A)-iS||^i,2^^i.2 < M ||C/||vi,2 , 

where M depends only on s and 7. Thus when ||f7||Y;i,2 < the operator 
1 — (A + A)~^;S is invertible whose inverse is given by a Von Neumann series: 

00 

(4.6) [1 - (A + Ay'Br' = j;[(A + Ar'BY 

j=0 



on Vi'^, with 



|[i - ix+Ar^BrXy-.v-^ < ,_Mm ^ 



It is then easy to check that, for such A and U, the operator A — .A is 
invertible with 

(4.7) (A - A)-^ = [1 - (A + Ar^B]-HX + Ay^ 

on Vi'^. Moreover, it follows from Lemma 14.41 and the commutativity of 
(A + A)-^ and (-A)^ that (A - A)~'^ is bounded on vl'^ with 

(4.8) ||(A-^)-i||^i,2_^^i,2 < CjA|-S VAe5^. 

This shows that when ||C/||yi,2 is sufficiently small the sector is con- 
tained in the resolvent set of A. The following lemma says even stronger 
that, in fact, (A — A)~^ maps boundedly from vi'^ into Vi'^ for all s,a £ 
(-2, 1) such that s <a <2 + s. 

In what follows, 7 is a fixed number in (0,7r/2) and is as defined in 
Lemma 14. 4[ 

Lemma 4.5. Let a, a be in (—2,1), |(T — a| < 2. Then, there exists ei = 
ei(a, cj) such that if ||f7||yi,2 < ei, the operator (A + A)~^B{X — A)~^ can 
be extended to a bounded map from Va to for all X £ and the 
extension enjoys the estimate 

(4.9) \\{X + Ay^BiX - Ay^\\^i,2^^i.2 < C(a,a)|A|('^-'^)/2-i^ ^ 



Moreover, if a < a, the operator (A — ^) ^ can be extended to a bounded 
operator from Va to Va' for all X £ with 

(4.10) ||(A-^)-iyi,2_^yi,2 < C(a,cj)|A|('"-")/2-i^ VAg5^. 



14 
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Proof. We follow the approach in [KY2j using Lemmas I4.3H4.4I For each 
A E S'-y, we set 7^(A) = (A — A)~^ and write 



(4.11) 



-A)'^/2^(A)(-A)-°/2 

+ {-A)^/\X + A)-lS7^(A)(-A)-°/2 
: (-A)("-°)/2(A + A)-i + (-A)"/2(A + A)~le7^(A)(-A)-"/2, 



For 0<(7 — a<2, it follows from Lemma 14.41 that there is a constant 
Co = Co (a, o") such that the penultimate term in (14. lip can be controlled as 



-A) 



{a-a)/2 



(A + A)-i||vi.2^vi.^ <Co|A|('^-")/2-i. 



Therefore, to obtain (j4.9p and (|4.10p . it suffices to control the last term 
in the right hand side of (14. lip for all a, o" € (—2, 1) with |it — a| < 2. Note 
that for such a, a we have 

[max{o-, a}/2, 1 + min{o-, a}/2] n (0, 1/2) / (p, 

and thus, we can find a real number 9 G (0, 1/2) such that 

(4.12) < cr/2 + 1 - 61 < 1, 0<e-a/2<l. 

With this choice of 6, we let C be an operator on V^'^ defined by 

C[/] = (-A)^-^^?(-A)-^(/), 

Then, it follows from (j4.12p and Lemmas 14 . 3114 . 4 1 that there are constants 
Ci and C2 = C2(a,a) such that 



(4.13) ||(A + A)-^(-A)||vi,. 



<Ci, 



Vl,2_j.Vl,2 < C2 ||[/|Ll,2 . 



Hence, if ||f7||vi,2 < ei 



1 

2C1C2 



the series 



5]{(A + A)-i(-A)C}^' 

j=0 

converges in the space >C(V^' ^, V^' ^) of all linear bounded operators from 
V^'^ into V^'^. Moreover, 



(4.14) 



J]{(A + A)-i(-A)C}^' 

j=0 



< 2. 



On the other hand, it follows from ()4.12p and Lemmas 14. 3114. 4l that there 
is C3 = C3{a,cr) such that 



(4.15) 



|(-A)-/2+i-^(A + A)-i||vi,2^vi,2 <C3|Ar/2-^ 
|(_A)''-"/2(A + A)-ivi.2^vi.2 < C3|A|^-"/2-i^ VA G 5^. 
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Moreover, from ()4.6p and (14. 7p . the last term in the right hand side of 
(j4.1ip can be expanded as 

(_A)-/2(A + A)-iS7e(A)(-A)-"/2 

= (-A)"/2(A + A)-^B{1 - (A + A)-^By^ (A + Ay\-Ay/^ 



/2 



= (-A)"/2(A + A)-^i3^ {(A + A)-^By (A + A)-i(-A)-" 

j=0 

oo 

= (_A)^/2+i-e(A + A)-iC {(A + A)-^(-A)Cy (-A)^-"/2(A + A)-^ 

j=0 

The estimates (j4.13p - (|4.15p together with this expansion imply that the 
operator {-Ay/^{1 + A)-'^Bn{X){-Ay/^ is in C{V^'^ ,V^'^). Moreover, 

-Ay/'^{X + A)~'^BniX){-Ay/^ ^ < C7|C7fi|A|('"-°)/2-^ 

This completes the proof of the lemma. □ 

Remark 4.6. Note that ei{a,a) may depend also on 7 but we shall ignore 
this dependence as 7 is fixed throughout the paper. 

Let us now define the Dunford integral 

(4.16) e"-^* = — f e~^*(A - A^^dX, t > 0, 

where F is a smooth curve in Sy which is oriented counterclockwise and 
connects e~^^oo to e^'^cxD for some 0<7<'!?<7r/2. Note that D{A) may 
not be dense in Vs' . However, from (j4.8p and a simple extension of the 
standard theory of analytic semigroups (see, e.g., (HI Proposition 1.1]), we 
see that the integral in (j4.16p is well-defined as an operator from Vs' to 
Vs' and independent of the choice of T. Moreover, e""^* is a semigroup, 
and 

|e-^* = -^e--^*, ||e-^*||^..^^p<l, > 0. 

Also, note that as a simple extension of the standard semigroup theory, 
the property limj_!.Q+ e~"^*w; = w holds only for w G D{A) which is not the 
same as Vs' (see [Si Proposition 1.2]). 

Our next goal is to apply Lemma [4.5l to extend e~"^* to a bounded operator 

12 12 

from Va into Vo-' for < o" — a < 2 and a, u G (—2, 1). For such a and a, 



recall that ei(a, a) has been defined in Lemma 14.51 

Proposition 4.7. Let a,a (—2, 1) be such that \a — a\ < 2. Assume that 
||C^|lvi,2 < ei{a,a). Then there exists a constant C = C{a,(T) such that for 
all t > 0, 

l|e"^*llvi-2^vi.2 < if a < a, 

and 



-At 
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Proof. The proof of this proposition follows from a standard argument in 
the theory of semigroups (see \Lu\ IPaj ) . However, we present it here for the 
sake of completeness. Let 7 be fixed as in Lemma 14.51 For each t > 0, and 
7 < ?? < it/2, we let T = Ti U r2 U Ls with 

Ti = {re-'"^ : < r < 00}, 
T2 = {t-^e-'^P : 1? < 99 < 27r - 1?}, 

and 

= {re'"^ :t-^<r< 00}. 
Then, it follows that from (gS]) and (|i36]) that 

3 



-At 



Note that at this point, the above identity is only understood as an iden- 
tity in £(vi'^, Vi'^) with s € (0, 1). However, from Lemma 14.51 we obtain 



/2 
-a/2 



< 



< 



tcos(t?)] 



a — (J 
2 



e s 2 



'ds<t—. 



cos(i?) 



Similarly, we also have the same estimate for the integral on T^. Finally, 
using Lemma 14.51 again, we get 



(_A)-/2 /" e~^\X-Ay^dX{-Ay/^ 

JV2 



;1,2 .vl,2 



< t~ 



Thus, the first inequality in the lemma follows. The proof of the second 
one is similar. To see that, we use (j4.16p and (|4.1ip to write 



e--^*-i = I e^^\X + Ay^dX-l + j e~^\X + Ay^Bn{X)dX 

= e^*-l + J e-^\X + A)-^BTZ{X)dX. 

The estimate of the first term on the right-hand side of the above equality 
follows from Theorem [231 The second one can be controlled exactly as what 
we just did using (I4.9p . This completes the proof of the proposition. □ 



STATIONARY NAVIER-STOKES EQUATIONS 



17 



Next, note that if ||?7||yi,2 < ei(s,,s — 2), and / G Vi'^ it follows from 
Lemma 14.31 and Proposition 14.71 that t~^(e~"^*/ — /) and Af are both in 
V^l_2 and moreover, 



f-f 



t 



<Cis) 



V t > 0. 



However, this gives us no information on the differentiability of e~"^* at 
t = 0. Our next result proves that e~"^* is differentiable at in a slightly 
different space. 

Proposition 4.8. Let s, a be two real numbers such that 0<a + 2<s< 
(7 + 4, and s € (0, 1). Assume that 

||C/||yi,2 < min{ei(s, s — 2), ei(s — 2, a + 2)}. 



Then, for all f € Vi'^, we have t -^{e '^^f—f)+Af is in Va'^, and moreover, 



1,2 



-At 



f-f 



+ Af 



< C{s,a)e 



Vt > 0. 



Proof. For each fixed t > 0, from the Dunford integral (j4.16p and the change 
of variables fj, = tX, we obtain 



t 2TTi 

1 

~ 2TTi 



-\t 



— I ^{{X-Ar'-X~'}fdX 



r' l^ 



1 - ) AfdiJL, 



where T' = {tX : A € F} with F being as in ()4.16p . Moreover, since 



it follows that 

^-tA 



f-f 



t 



Af 



+ Af 



1 

'27ri 



-Afdfi, 



1 

27ri 



e~^' tA 



1 - ) Afda. 



Since ||f/||yi,2 < ei(s — 2,0" + 2), using Lemma [13] and Proposition 14.5 
we get 



^ ( 1 - ) Af 



t 



1--A 



Uf\\^l,_l 



< t~ 



_2i I I 2 
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Therefore, it follows that 



t 



<C(s,CT)t^-l||/||^l,2 



lim 

t-i-0+ 



+ Af 



0, in the topology of Vj'^ 



and thus the proof is then complete. □ 

Remark 4.9. It follows from the standard theory of semigroups {see |Lul 
that 

-^'f - f 
t 

holds if and only if f ^ D{A) C Vi'^ and Af € -D(^) C Vi'^. However, 
this result is not sufficient for our purposes here. 

5. Stability of Stationary Solutions 

Recall that (5o > is defined in Theorem II. 1[ The main goal of this 
section is to prove Theorem II. 31 To that end, we first determine the number 
5i claimed in Theorem II. 31 In order to do so we now fix < cJi < 1/2. Then 
by Theorem 11.11 we can find 5i < 5q sufficiently small so that for every F 
with ||F||.^^i,2 < 5i, the solution U of (jl.ip given by Theorem 1 1 . 1 1 enj ovs the 

estimate 

||C/||yi,2 < min{ei(o-i - 2,0-1 - 2), ei{ai,ai -2), ei(o-o, o-q - 2), 
ei(<7o,<7o), ei(fo - 2,(To), ei((Ti - 2, ui), 
ei(l/2,-3/2), ei(-3/2,ai)}. 

The following result strengthens Proposition 14.71 in sense that it is uniform 
with respect to ||f/||yi,2. 

Proposition 5.1. Let € (1/2,1). //||F||.^i,2 < 5i, then for every a., a S 
[o"! — 2, (To] with \a — (t\ < 2, one has 

\\e-^'\\^y^^y < C(ao, ai)*^"-^)/^^ if a < a, 

||e--^* - l||vi,2^v^-^ ^ C(fTo,fTi)t("-^)/2^ ifa>a. 

Proof. Since 

||C/||yi,2 < min{ei(o-i - 2,0-1 - 2), ei(o-i, cti - 2), ei(o-o, (Tq - 2), 

ei(o-o,o-o), ei(o-o - 2,cro), ei(o-i - 2, cti)}, 

our proposition follows directly from Proposition 14.71 and the following in- 
terpolation result. □ 

Proposition 5.2. For so,si < 1, and < 6 < 1, let s = {1 — 0)sq + 
9si. Then, the space Vi'^ coincides with the complex interpolation space 
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Proof. For a definition of complex interpolation spaces we refer to the book 
|BLj . We first observe that for any g € S' /V and o" G M one has 

(5.1) / \{-A)^g{x)\^w{x)dxc^ [ * g{-)}f,^ wdx, 

which holds for all weights w belonging to the class A2- For this see, e.g.. 
Theorem 2.8, Remark 2.9, and Remark 4.5 in |Bui| . In (15. ip . the functions 
j G Z, are given by 

lPj(x) = ^{2-^x), 

where ^ is a function in Co°(M'") such that supp(lP') = {1/2 < |x| < 2}, 
^{x) > for 1/2 < \x\ < 2, and Ej°l-oo ^^(2"^^) = 1 for x / 0. Also, 
for each r G M we have let £2 denote the space of all sequences {aj}JL_^, 
Uj G C, such that 

iiK}ii,5 = {Er=-oo(2^i«.i)'}'^'<+°°- 

The equivalence (j5.ip and |MV1 Lemma 3.1] then yield 

(5.2) \\g\\vy^\\\m*9{-)}\\ 

On the other hand, it can be seen that for s = (1 — 6)sq + 6si one has 

(5.3) [V^'2(£^o),V^'2(£^i)]^, = V^'2(£|) 
with equal norms. 

Therefore, the proposition follows in a standard way using (j5.2p and (j5.3p . 

□ 

We shall prove Theorem 11.31 by using the next two Propositions. The 
first one asserts the existence and uniqueness of the solution to the integral 
equation (j4.3p . The second one confirms that this solution is in fact the 
solution of the equation (|4.2p . 



a G 



Proposition 5.3. Let (Tq G (1/2,1) be as in Theorem \1.3[ There exists a 
sufficiently small positive number eo such that, for every 
satisfying ||F||.^i,2 < 5i, V ■ = Q and ||tL''^||yi,2 < ^0, there is a unique, 
time-global solution w{x, t) of the integral equation (|4.3p which satisfies 

supt"^''^ ||w|Li,2 < C ||u''^|],,i 2 ) 

t>0 "^1/2 

and for every a G [—1,0], the estimate 

(5.4) supi"/2 |U - u'°|Li,2 < C |U°|Li 2 
t>o ^' 

holds true. Moreover, for every a G [0, fio], the solution w also enjoys the 
estimate 

(5.5) sup^/^ ||^L'|Li,2 < C(cro) ||w°|Li 2 • 
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Proof. Let us define another space 

)1,2 



Y = {/ : (0, oo) ^ V^'' with II/IIy = supt^/* \\f{;t)\\v'-' < '^}- 

We are aiming to show, using Lemma l3.H that there exists a solution w 
of ()4.2p in Y. To this end, let us set yo = e~^^^w^. Then, from Proposition 
15.1^ it follows that 



(5.6) 



1/2 



Thus, uo G Y. Now, we only need to estimate the following bilinear map: 



B[w,v]it) 



Indeed, it follows from Proposition I5.H Theorem 12.21 and Corollary 
that 



B[w,v]{t) 



\'/2 Jo 



0vi-,s)] 



ds 



'1/2 



< I {t-sy^^'^WFV ■[w{-,s)0v{-,s)]\\^i,2 ds 



< 



[ {t- s)-^/'^\\w{-,s)(^v{-,s)\\yi,2 ds. 
Jo 

Thus, by using Holder's inequality and Theorem 14.21 we get 



B[w,v]it) 



< 

1/2 



< 



{t-sr'/^\\\w{-,s){YvC2\H,s)\YvC2 ds 



2 II 1/2 



|2||l/2 



[\t-s) 
Jo 



-3/4 



\w{-,s)\\^^i,2 ||t;(-,s)||.^;i,2 ds 



1/2 



1/2 



< 



-u^IIyII^IIy / {t-s)-^/^s~^/^ds 



\w\\^ \\v\ 



This yields 
(5.7) 



B[w, v] 



< 



It follows from Lemma |3. II and the estimates (|5.6p - (|5.7|) that there exists 
an eo > sufficiently small such that if ||w°||yi,2 < eo, there is a unique 
solution w of (j4.3p such that 

||w|Iy < 2 llyollY ^ ||^°|lvi>2 • 
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Next, we shall prove ()5.4p . For every a E [— 1, uo], by Proposition 15.11 and 
as in the proof of the estimate of i? on Y x Y, we obtain 



I —At On 

\w — e w k;i. 2 



B[w,w](t) 



(5.8) 



* a+l 



< (t-s) 2 \\w{-,s) <^w{-,s)\\yi,2 ds 







"+1 |2 



< / (t-s)-— \\w{-,s)\\'i,2 ds 

Jo "^1/2 

< 11-11^ [\t-sr^s'y^ds<t''^/^\Mi 

Jo 

Moreover, if we restrict a € [—1,0], Proposition 15. II also yields 

(5.9) Wie--^' - l)w%y <t-''/^ \\w%,^2 ■ 

Thus, it follows from (j5.8p and ()5.9p that for a G [—1,0] we have 

M M Vfy w \ \ y. 



oil 

1,2 



< ||w;||y+ ||'«^°||vi,2 ^ |h°||vi,2 



which proves ()5.4p . 

Finally, for o" G [0,(To], Proposition 15. II implies that 

,1,2 <t~-/2||^0|| 



Using this and (j5.8p (with a in place of a), we get (|5.5p . This completes the 
proof of the lemma. □ 

To prove that the solution w{x,t) of the integral equation (j4.3p obtained 
in Proposition 15.31 is the solution of (j4.2p . we need to following inequality: 

Lemma 5.4. Let a be in (0, 1) and si, S2 be in [0, 1) such that a + si+S2 = 1- 
Then, there is C = C{a, si, S2) > such that 

\\f(g>g\Li,2 < C \\f\Li,2 \\g\Li,2 . 

'^-rr '^si ^S2 

Proof. Using Theorem 14.21 with a = a,p = and then applying Holder 
inequality, we get 



Wf'^gWv^-^ < sup < 

K 



capi 2(-?^) { ] capi 2{K) 



Here, the suprema are taken over all compact sets K with cap^ 2(-^) > 0. 
Our desired result follows by again applying the Theorem 14.21 □ 

Proposition 5.5. For every F,w^ satisfying |[F||yi,2 < 5i, V ■ = 

and ||'U''^||yi,2 < w{x,t) be a solution of the integral equation (j4.3p 

as in Proposition 15.31 Then, w satisfies ()4.2p in the sense of tempered 
distributions. 
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Proof. For each < a < 6 < oo and for a < t < t < b, hy ()4.3p we have 

(5.10) w{; t) - w{-, t) = [e-(*-^)-^ - l\w{-, t) 

• [w{-, S) ® W{-, S)]ds. 

Then, using Theorem 12.41 Theorem 14.21 and Proposition 15. H we obtain 

(5.11) \\w{-,t)-w{-,T)\\^.,2 

< (t _ ^)(l/2-.l)/2 ||^(r)||^,2 + [\t - S)-^ |k(s)||J,,, ds 



1/2 



'1/2 



< C7(a, b) \{t - t)1/4-'^i/2 ^ _ ^){i-ai)/2 



On the other hand, it follows from Theorem 12.41 and Lemma 15.41 that 



< 



(5.12) 



< 



< 



^V[u;(-,i) w(-,t) - w{-,t) (^w{-,t)]\\ 1,, 

"1- 

\w{-,t) ®w{-,t) - w{-,t) (g) i(;(-, t)|Li,2 

\w{-,t) - w{-,t)\\ 1,2 sup ||u'(-,T)||yi,2 



Te[a,b] 



\w{-,t) - w{-,t) 



Now, for each fixed t > 0, let a < 6 < oo be two numbers such that 
a < t < b. Then, for each ti,t2 such that a < ti < t < t2 < b, from (|5.1U|) . 
we get 



Here, 



t2 -ii 

12 



t2-tl 



-it2-ti)A _ I 

t2-tl 
r-t2 



Mh)-wit)], 



Since 



i2 



- — [ ' e~(*2-^Mpv • [zi;(s) 1^(5) - w{t) (g) i(;(t)](is. 



||;7||^i,2 <min{ei(l/2,-3/2), ei(-3/2, ai)}, 
we can apply Proposition 14.81 with s = 1/2 and a = cii — 2 to get 

g-{t2-tl)A _ I 



lim 



-w{t) = -^w{t), in 



t2rtV^t t2 - il ' ' - - V " ■ cri- 

On the other hand, by applying Proposition 15. H Theorem 14.21 and the 
estimates (|5.1ip . (|5.12p . we find 

ll^illv^'^ ^ \\w(ti) - 'w{t)\\^i.2 ^ 0, as ti,t2^t, 
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and 

1 r^^ 

l|72|lvi.2 ^ / ■ [w{s) <^ w{s) - w{t) ^ w{t)]\\ 1,2 ds 

< sup \\w{s) — 'w{t)\\yi.2 ^ 0, as ti,t2^t. 

ti<S<t2 

Moreover, it follows from Theorem 12.41 Proposition 15.11 and Lemma [57 
that 

m\v-^2 , < f\t2 - sf" IIPV • [w{t) ^ wmyi,2 ds 



<{t2-t{)'l^\\w{t)®W 



< {t2 - ti)^^U\w{t)\\li,2 ^0, as ti,t2^t. 

In conclusion, we have 

wt + Aw{t) + PV • [w{t) O w{t)] = 0, in 5', 

and this completes the proof of the proposition. □ 

We are finally in a position to prove Theorem 11.31 

Proof of Theorem \1.3[ Let 5i and eo be as in Proposition 15.31 and let u{t) = 
w{t) — U where w{t) is the unique solution of the integral equation (j4.3p 
with initial datum = uq — U as obtained in Proposition 15.31 It follows 
from Proposition 15.31 and Proposition 15.51 that u{t) is a solution of (jl.7p 
which satisfies all of the estimates stated in Theorem 11.31 The uniqueness 
of u follows directly from the fact that if u is any solution of (jl.7p satisfying 
the estimate (jl.Sp . then w = u — U is a solution of (j4.3p with initial datum 
= uq — U and w satisfies all the estimates in Proposition 15.31 □ 
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